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Abstract
We introduce a theory of hypergraphical t-designs. We show the existence of these designs and prove a ﬁniteness theorem on
these designs for inﬁnitely many parameter sets. We also give effective bounds on the number of points in these cases. These results
generalize some results on graphical t-designs of Alltop, Chee and Betten–Klin–Laue–Wassermann.
© 2006 Elsevier B.V. All rights reserved.
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0. Introduction
The paper describes a new type of designs, called hypergraphical t-designs, which is a generalization of graphical
designs which have been studied before by Alltop, Chee and Betten–Klin–Laue–Wassermann.
For positive integers t, v, k and  satisfying t < k <v, a t-design D with parameter (v, k, ) is a set X of v points,
together with a collection B of subsets of X, called blocks, such that each block contains exactly k points and each
set of t points is contained in exactly  blocks. A t − (v, k, ) design is simple if repeated blocks are not allowed
and is non-trivial if not all k-subsets of points are blocks. In this paper, all the designs are supposed to be simple and
non-trivial.
A graphical design is a design whose points are the edges of a complete graph with n vertices, and whose blocks
are full orbits of Sn on graphs, such that the design condition is satisﬁed. As the block set consists of full orbits of Sn,
it sufﬁces to list the unlabelled graphs representing those block orbits in order to describe the design. The presence of
a lot of symmetry makes these structures nice and interesting. Some graphical designs have been constructed in the
literature, see [5,7,8,11–13]. For general results on graphical designs, see [2,9,10].
A hypergraphical design is a natural generalization of this concept to hypergraphs. Let X be a set of n elements. Let
X(m) denote the set of m-subsets of X. Then the natural action of the symmetric group induces an action on X(m).
We consider orbits of k-subsets of X(m) under the action of Sn. If a collection of these orbits forms a (simple) t-design
(with point set X(m)) then this design is called m-hypergraphical design on n points. Any block of such a design is a
collection of km-subsets of X. Obviously, this is a t − (( n
m
)
, k, 
)
design for some .
We will prove three fundamental results on hypergraphical designs.
(i) These designs exist (see Theorem 2.2).
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(ii) Fix two integersm2 and t2, there are only ﬁnitely many non-trivial m-hypergraphical t−(( n
m
)
, k, 
)
-designs
under a certain restriction between k and t (see Theorem 3.4).
(iii) With the notations above, effective bounds of n are given (see Theorem 3.5).
The ﬁrst result is simple and relies on the idea of Alltop [1]. The second result is a natural generalization of a result
of Chee [10] for graphical designs. Only the third part may contain some new ideas.
1. Basic deﬁnitions
For a ﬁnite set X, the set of m-subsets of X is denoted by X(m), i.e. X(m) = {Y |Y ⊂ X, |Y | = m}. A m-uniform
hypergraphH is an ordered pair (V ,E) such that V = ∅ and E ⊂ V (m). The set V is the set of vertices ofH and the
set E is the set of edges ofH.
LetH= (V ,E) be a m-uniform hypergraph. Another m-uniform hypergraphH′ = (V ′, E′) is said to be subgraph
ofH if V ′ ⊂ V and E′ ⊂ E. Two m-uniform hypergraphsH = (V ,E) andH′ = (V ′, E′) are isomorphic if there
exists a one-one correspondence  between the vertex setsV and V ′ and the image (E) of the edge set E is exactly E′.
A m-uniform hypergraphH= (V ,E) is the union of two m-uniform hypergraphsH1 = (V1, E1) andH2 = (V2, E2)
if
V = V1 ∪ V2,
E = E1 ∪ E2,
and we writeH=H1 ∪H2.
For a positive integer n, we denote by I (n) = (X,E) the following m-uniform hypergraph. We take
X = {1, 2, . . . , mn},
E = {{km + 1, km + 2, . . . , km + m}|0kn − 1} ⊂ X(m).
Let H = (V ,E) be an m-uniform hypergraph. We say that the vertex x ∈ V and the edge Y ∈ E are incident
if x ∈ Y . Two edges Y1 and Y2 are adjacent if Y1 ∩ Y2 = ∅ and are independent if Y1 ∩ Y2 = ∅. An edge Y
of H is independent if for every edge Y ′ = Y , Y and Y ′ are independent. It is easy to see that H contains n
independent edges if and only ifH is the union of two m-uniform hypergraphsH1 andH2 such thatH2 is isomorphic
to I (n).
2. Existence of m-hypergraphical designs for all m2
First, we prove the following result for graphical designs:
Proposition 2.1. For all m2, there exists a graphical 2 −
((
m+2
2
)
,m + 3, 
)
design for some .
Proof. Let X be a set of m + 2 points. Let T be the set of 2-subsets of X(2) i.e., the set of pairs of pairs of
elements of X. The action of Sn on T decomposes T into two orbits T1 and T2. The elements in T1 (respectively,
T2) are isomorphic to {{a, b}, {a, c}} (respectively, {{a, b}, {c, d}}) where a, b, c, d are four distinct points
of X.
Let B be an (m+ 3)-subset of X(2). Let ui (i = 1, 2) denote the number of members of Ti contained in B. Alltop [1]
showed that the single Sn-orbit containing B forms a graphical 2 −
((
m+2
2
)
,m + 3, 
)
design if and only if
4u2/u1 = m − 1. (1)
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Depending on the residue class of m modulo 6, we will now explicit an (m + 3)-subset B of X(2) with u1 = 2m + 4
and u2 = (m − 1)(m + 2)/2. We distinguish six cases
1. m = 6l − 3 (l1).
2. m = 6l − 2 (l1).
3. m = 6l − 1 (l1).
4. m = 6l (l1).
5. m = 6l + 1 (l1).
6. m = 6l + 2 (l0).
Counting u1 and u2 in each of the six cases shows that B satisﬁes condition (1) and hence deﬁnes a graphical
2 −
((
m+2
2
)
,m + 3, 
)
-design. This ﬁnishes the proof. 
Theorem 2.2. For every m2, m-hypergraphical designs exist.
Proof. Let X be a set of m+2 points. By taking the complement on X, we establish a canonical bijection between X(2)
and X(m). Further, this bijection is compatible with the action of Sm+2. Thus a graphical t −
((
m+2
2
)
, k, 
)
design
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induces an m-hypergraphical t −
((
m+2
m
)
, k, 
)
design. Hence Theorem 2.2 follows easily from Proposition 2.1
above. 
In recent years, many new t-designs have been constructed prescribing groups of automorphisms with the help of
DISCRETA, a program written by Betten et al. [4], see for example [3,2]. In [16], the author considers the question
whether, for a given couple (t,G) where t is a positive integer and G is a ﬁnite group, there exists a simple non-trivial
t-design having G as a group of automorphisms. More information on this problem can be found in [15,16].
Since every ﬁnite group G is a subgroup of a symmetric group Sm for some large m, Proposition 2.1 implies
Corollary 2.3. For every ﬁnite group G, there exists a simple non-trivial 2-design having G as a group of automor-
phisms.
Remarks.
(i) It remains an open problem to decide whether for every ﬁnite group G there exists a simple non-trivial 2-design
whose automorphism group is exactly G.
(ii) For all k, Alltop [1] constructed a graphical 2 −
((
2k−3
2
)
, k, 
)
design where the block set B is the set of edges
of a cycle of length k. This gives us another construction of m-hypergraphical designs when m is odd.
3. Some results on m-hypergraphical t-designs
Let D be an m-hypergraphical t − (( n
m
)
, k, 
)
design on a set X of n points. Any subset E of X(m) can be seen as
the set of edges of the associated m-uniform hypergraphH= (X,E). Let T be a t-subset of X(m) and B be a k-subset
of X(m). Assume that T is contained in containing B. Then for any element g in Sn, the set T g is also contained in
exactly m(T ,BSn) elements of BSn . Therefore it sufﬁces need to test the design condition for a set of representatives
of t-subsets of X(m) under the action of Sn. Kramer and Mesner [14] proved
Theorem 3.1 (Kramer–Mesner [14]). An m-hypergraphical t − (( n
m
)
, k, 
)
design exists if and only if there is a
{0, 1}-solution vector u to the diophantine system of equations∑
j
m(Ti, B
Sn
j )uj = ,
where the Ti and Bj run through a system of representatives of the t-subsets and k-subsets of X(m) under the action of
Sn and where uj denotes the jth component of the vector u.
Remark. Note that uj = 1 if and only if Bj (hence every element B in BSnj ) is a block of D.
For a subset B of X(m), we deﬁne the support of B by
supp(B) = {x ∈ X|∃Y ∈ B such that x ∈ Y }.
Alltop [1] proved:
Lemma 3.2 (Alltop [1]). The term m(T ,BSn) is a polynomial in n whose degree is the difference between the size of
the support of B and the support of T.
For graphical designs, Chee [10] proved:
Theorem 3.3 (Chee [10]). Let t be a natural number greater than 2. Then there exist only ﬁnitely many non-trivial
graphical t − ((n2 ) , k, ) designs when k4t/3.
Now we will generalize this result to hypergraphical designs.
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Theorem 3.4. Let t and m be natural numbers greater than 2. Then there exist only ﬁnitely many non-trivial m-
hypergraphical t − (( n
m
)
, k, 
)
designs with k((m + 2)/(m + 1))t .
Proof. We will follow closely the idea used by Chee [10]. We observe that it is sufﬁcient to prove that for each natural
number k such that t < k((m + 2)/(m + 1))t , if n is sufﬁciently large then, every m-hypergraphical t − (( n
m
)
, k, 
)
design is trivial.
Let k be a natural number with t < k((m+ 2)/(m+ 1))t . Let B be a k-subset of X(m) and T be a t-subset of X(m).
By deﬁnition, if m(T ,BSn) = 0, then there exists an element g ∈ Sn such that T ⊂ Bg . Remark that
|supp(B)| = |supp(Bg)|.
Hence Lemma 3.2 implies that m(T ,BSn) is a polynomial in n whose degree is
|supp(Bg)| − |supp(T )| |supp(Bg\T )|m(k − t)
because Bg\T is a (k − t)-subset of X(m). Equality occurs if and only if in the m-uniform hypergraphH= (X,Bg),
the edges in Bg\T are independent.
Let Ti and Bj be a system of representatives of the t-subsets and the k-subsets of X(m) under the action of Sn. We
denote byK the set of all m-uniform hypergraphsH= (X,B) such that
(i) B is a k-subset of X(m),
(ii) H contains a sub-m-uniform hypergraph isomorphic to I (t).
LetD be anm-hypergraphical t−(( n
m
)
, k, 
)
design. If I (k) is not a block ofD, thenwewill consider the complement
designD′ ofD instead ofD. This design is also an m-hypergraphical t − (( n
m
)
, k, 
)
design and I (k) is a block ofD′.
So we can suppose that I (k) is a block of D. Then
m(I (t), I (k)Sn)
which is a polynomial of n of degree m(k − t).
For a k-subset B of X(m), we denote by HB = (X,B) the associated m-uniform hypergraph to B. For every
k-subset B of X(m) such that HB ∈ K, HB contains at least t − (k − t)m t/(m + 1)k − t independent
edges. Hence the entries m(Ti, BSn) are polynomials of n whose degree are less than m(k − t). Further, there is
exactly one entry m(Ti, BSn) which is a polynomial of n whose degree is m(k − t): we remove k − t indepen-
dent edges fromHB to obtain a new m-uniform hypergraph (X, T (B)) with t edges and Ti represents the Sn-orbit
of T (B).
Suppose that B ∈ BSnl . By the discussion above, we deduce that
(i) ∑j =lm(Ti, BSnj )uj is a polynomial of n of degree strictly less than m(k − t),
(ii) m(Ti, BSnl ) is a polynomial of n of degree m(k − t).
For n sufﬁciently large, the relation∑
j
m(Ti, B
Sn
j )uj = 
forces that ul =1, i.e.Bl is a block ofD and hence B is also a block ofD. Thus, all elements inK are blocks. Therefore,
our design is trivial. The proof is complete. 
In Theorem 3.4 above, we have proved the following fact. For ﬁxed m, t and k with t < k((m + 2)/(m + 1))t , if
there exists a non-trivial m-hypergraphical t − (( n
m
)
, k, 
)
design, then n is bounded from above. However, we do not
know how big the value n can be. The following result makes this bound more precise.
Theorem 3.5. Let m and t be natural integers greater than 2. Let l be a positive integer such that l t/(m+1). Suppose
that D is a non-trivial m-hypergraphical t − (( n
m
)
, t + l, ) design. Then there exist positive real constants , , C1
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and C2 such that
 m
√
t + C1n( + ) m
√
t + C2,
here the constants , , C1 and C2 depend only on m and l.
Proof. We set
 = m√m!.
Consider the function
f (x) = (x + )
m − m!
xm
=
m−1∑
j=0
(
m
j
)( 
x
)j
.
For x > 0, this function is decreasing and tends to 1 as x tends to ∞. Thus, we denote by  the unique positive real
number such that f () = l√2. Then we have
l
√
2m = ( + )m − m!.
By deﬁnition of a design, we have(
n
m
)
>k = t + l.
This implies that there is a positive real constant C1 which depends on m and l such that
n m
√
t + C1.
Suppose that D is a non-trivial m-hypergraphical t − (( n
m
)
, t + l, ) design on a set X of n points. We considerT
the set of all m-uniform hypergraphsH= (X, T ) such that
(i) T is a t-subset of X(m),
(ii) H contains l(m + 1) independent edges.
We set
p = min
H=(X,T )∈T
|supp(T )|
and we take an elementH0 = (X, T0) ∈T such that
p = |supp(T0)|.
Then we have inequalities
l(m + 1) +
(
p − m(m + 1)l − 1
m
)
< t l(m + 1) +
(
p − m(m + 1)l
m
)
.
Thus, there exists a natural integer  which depends on m and l such that
p m
√
t + .
For each m-uniform hypergraphH= (X, T ) of t edges, we denote byH′ = (X,B(T )) the m-uniform hypergraph
(up to the isomorphisms induced by Sn) of k = t + l edges obtained by adding l independent edges. It is not difﬁcult
to see that
m(T ,B(T )Sn) = (n − q)...(n − q − lm + 1)
l!m!l ,
where q = |supp(T )|.
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Up to isomorphism induced by Sn, we denote byK the set of all m-uniform hypergraphsH= (X,B) such that
(i) B is a k-subset of X(m),
(ii) H containsH0 as a sub-m-uniform hypergraph, i.e. T0 ⊂ B.
For every k-subset B of X(m) such thatHB = (X,B) ∈K,HB contains at least l(m+ 1)− (k − t)m= l independent
edges.We denote by (X, T (B)) the m-uniform hypergraph (up to the isomorphisms induced by Sn) of t edges obtained
fromHB by removing l independent edges.
Without loss of generality, we suppose that B(T0) is a block of D. Then
m(T0, B(T0)Sn) = (n − p)...(n − p − lm + 1)
l!m!l .
Since the design D is non-trivial, there exists an m-uniform hypergraph (X,B) inK such that B is not a block.
We set q = |supp(T (B))|. Hence
p − lmqp.
Since B is not a block, this implies that

∑
Bj =B
m(T (B), B
Sn
j )

∑
m(T (B), B
Sn
j ) − m(T (B), BSn)
=
((
n
m
)
− t
l
)
− (n − q)...(n − q − lm + 1)
l!m!l .
Therefore, we have
(n − p)...(n − p − lm + 1)
l!m!l 
((
n
m
)
− t
l
)
− (n − q)...(n − q − lm + 1)
l!m!l .
Thus
(n − p)...(n − p − lm + 1)
l!m!l +
(n − q)...(n − q − lm + 1)
l!m!l 
((
n
m
)
− t
l
)
.
On one hand, since qp and p m
√
t + , the left term is bounded below by
LT (n − p)...(n − p − lm + 1)
l!m!l +
(n − p)...(n − p − lm + 1)
l!m!l
 2(n − p − lm + 1)
lm
l!m!l
 2(n − 
m
√
t −  − lm + 1)lm
l!m!l .
On the other hand, we have an upper bound for the right term
RT (n
m − m!t)l
l!m!l .
Hence, a simple calculation implies that
l
√
2(n −  m√t −  − lm + 1)mnm − m!t .
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Remark that for all 1jm, we have
l
√
2m−j > ( + )m−j .
In fact, since m = m!, this implies that ( + )m−j [( + )j − j ]>m!. Thus l√2m = (+)m − m!>(+)m−j j .
Hence the desired inequality.
Now choose a positive constant C2 which depends on m and l such that for all 1jm, we have
l
√
2(C2 −  − lm + 1)j m−j − Cj2 ( + )m−j > 0.
Then
n( + ) m√t + C2.
Suppose that it is not the case, i.e. we can write
n = ( + ) m√t + y
with y >C2. Then
0 l
√
2(n −  m√t −  − lm + 1)m − (nm − m!t)
= l√2( m√t + y −  − lm + 1)m − [(( + ) m√t + y)m − m!t]
=
m∑
j=1
(
m
j
)
(
l
√
2(y −  − lm + 1)j m−j − yj ( + )m−j ) m
√
tm−j

m∑
j=1
(
m
j
)
(
l
√
2(C2 −  − lm + 1)j m−j − Cj2 ( + )m−j )
m
√
tm−j
> 0,
which is a contradiction. Therefore, we must have
n( + ) m√t + C2.
This ﬁnishes the proof. 
In a particular case where m = 2, l = 1, a calculation gives us the following corollary.
Corollary 3.6. Suppose that D is a non-trivial graphical t − ((n2 ) , t + 1, ) design with t3. Then we have
√
2t + 12n3
√
2t + 452 .
In [2], Betten et al. conjectured that there is no graphical t − ((n2 ) , t + 1, ) design for t4. They proved this
conjecture when t = 5. When t = 4, the conjecture was proved by Chee [9]. For small values of t, Corollary 3.6 may
allow us to check the conjecture directly by considering all possible values of n.
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